Abstract Kassel and Reutenauer [5] introduced a q-analogue of the number of representations of an integer as a sum of two squares. We establish some connections between the prime factorization of n and the coefficients of this q-analogue.
Introduction
Let A q := F q [x, y, x −1 , y −1 ] be the algebra of Laurent polynomials over the finite field F q having precisely q elements. For any ideal I of A q , we consider the quotient V I := A q /I as a vector space over F q . Let C n (q) be the number of ideals I of A q such that dim V I = n. It is known [2, 4] that C n (q) is a polynomial in q of degree 2n. From a Hodge-theoretical point of view [2] , C n (q) can be described as the E-polynomial of the Hilbert scheme X
[n] of n points on the algebraic torus X := C × × C × . C. Kassel and C. Reutenauer [3, 5] proved that Γ n (q) := C n (−q) is a q-analogue 1 of the number of solutions (x, y) ∈ Z 2 of the equation n = x 2 + y 2 . A primitive Pythagorean triple is a triple (x, y, z) ∈ (Z ≥0 )
3 satisfying x 2 + y 2 = z 2 and gcd (x, y, z) = 1. Notice that, according to this definition, (1, 0, 1) and (0, 1, 1) are primitive Pythagorean triples. The aim of this paper is to prove the following results. Theorem 1. For any integer n ≥ 1, all the coefficients of Γ n (q) are non-negative if and only if n = 2 k z, for some integer k ≥ 0 and some primitive Pythagorean triple. (x, y, z).
Denote γ n,i the coefficients of
Proof. The coefficients of
are explicitly given by [3, Theorem 1.1]
otherwise.
It follows that c n,i = c 
For each λ ∈ {−1, 1}, the following statements are equivalent:
(ii) u ≡ λ (mod 4).
Proof. Consider n, k and λ fixed. Notice that, for all t ∈ Z the congruence 2t + λ (−1) t ≡ λ (mod 4) holds (it is enough to evaluate this expression at all the possible values of t and λ, assuming that λ is odd).
The equality (2) is equivalent to
where v := 2n u and t := n + k + i. Notice that 2n + v is a multiple of 4. So, (3) implies the congruence u ≡ λ (mod 4).
Suppose that (i) holds. There is some i ∈ [0..n] satisfying (2) . The congruence (4) follows. Hence, (ii) holds. Now, suppose that (ii) holds. There is some integer t ≥ 1 satisfying 2t + λ (−1) (ii) the sum of all negative coefficients of Γ n (q) is −4d 3,4 (n).
Proof. Let λ ∈ {−1, 1}. In virtue of Lemma 2, 2d λ,4 (n) is the number of pair (k, i), where k is a divisor of 2n and i ∈ [0..n], satisfying (2) . Applying Lemma 1, we conclude that
is the sum of the positive coefficients of Γ n (q) and −γ
is the sum of the negative coefficients of Γ n (q). Now, we proceed to prove our main result.
Proof of Theorem 1. Let n ≥ 1 be an integer. Notice that n has no prime factors p satisfying p ≡ 3 (mod 4) if and only if d 3,4 (n) = 0. In virtue of Proposition 1 (ii), the condition d 3,4 (n) = 0 is equivalent to the fact that all the coefficients of Γ n (q) are non-negative. E. J. Eckert [1] proved that the set of positive integers z for which (x, y, z) ∈ (Z ≥0 ) 3 is a primitive Pythagorean triple, for some (x, y) ∈ (Z ≥0 ) 2 , are precisely the positive integers without prime factors p ≡ 3 (mod 4). Therefore, all the coefficients of Γ n (q) are non-negative if and only if n = 2 k z, for some integer k ≥ 0 and some primitive Pythagorean triple (x, y, z).
